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Random multiple scattering of ultrasound. II. Is time reversal a self-averaging process?
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This is the second article in a series of two dealing with the statistical moments of ultrasonic waves
transmitted through a disordered medium with resonant multiple scattering. Second-order moments in time and
space are considered here. An ultrasonic pulsed wave is transmitted from a point source to a 128-element
receiving array through two-dimensional samples with various thicknesses. The samples consist of random
collections of parallel steel rods immersed in water. The scattered waves are recorded, time reversed, and sent
back into the medium. The time-reversed waves are converging back to their source and the quality of spatial
and temporal focusing on the source is related to the second-order moments of the scattered wave~correlation!
in time and in space. Experimental results show that it is possible to obtain a robust estimation on a single
realization of disorder, taking advantage of the wide frequency bandwidth. The spatial resolution of the system
is only limited by the correlation length of the scattered field, and no longer by the array aperture. As the
sample thickness is increased, the quality of focusing saturates, which we believe is linked to the Thouless
factor g. In the thickest sample,g;30, which is still well above the localization threshold.

DOI: 10.1103/PhysRevE.64.036606 PACS number~s!: 43.20.1g, 43.90.1v, 43.35.1d, 73.20.Fz
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I. INTRODUCTION

Understanding and modeling wave propagation in a m
tiple scattering environment has been a subject of interes
a huge variety of domains ranging, e.g., from solid st
physics to optics or seismology since multiple scattering
occur with all kinds of waves, whether quantum or classi
@1–8#. Studying the statistical moments of the wave amp
tude or intensity introduces physical parameters such as
mean free paths, the diffusion constant, or the dimension
conductance~Thouless factor!, which are relevant concept
whatever the type of wave considerered. As to the exp
mental manifestations of multiple scattering~transition to a
diffusive regime, coherent backscattering, long-range co
lation, and possibly wave localization!, they have also been
observed for different kinds of waves@1–17#.

In that respect, acoustics brings no new theoretical c
cept to the study of random multiple scattering, but it do
bring original possibilities. Nowadays a typical ultrasonic
ray consists of 128 programmable wavelength-sized
ments that can transmit and receive acoustic waves in a l
frequency bandwidth. The wave forms to be transmitted
be easily programmed via a computer interface; as to
received wave forms, the piezoelectric array elements
able to record the field itself, and not only its intensity. Su
easiness of use gives way to a number of applications. A
example, it has led to the development of acoustic ‘‘tim
reversal mirrors:’’ the wave emanating from a source is
corded on a array, time reversed in the computer mem
and sent back in a reverse order by the same array thro
the same medium@18#. The applications of acoustic time
reversal devices have been widely investigated in the las
years in the medical field@19#, in ocean acoustics@20#, in
nondestructive testing@21#, in chaotic cavities@22,23#, and in
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multiple scattering media@24#.
In this paper we will study the transmission and the

versibility of an ultrasonic pulsed wave from a point sour
to a 128-element array through a multiple scattering sl
This slab is a two-dimensional~2D! sample consisting of a
random collection of parallel steel rods immersed in wa
Unlike optical wave scattering by suspensions, there is
Brownian motion here: one set of 128 transmitted wa
forms corresponds to one realization of disorder, hence th
is no ‘‘self-averaging.’’ A key question is then to understa
what information can be retrieved from the observation o
single realization, and what requires an ensemble averag

The scattered waves are time reversed and sent b
through the same slab: the waves tend to focus back to
source. The quality of temporal and spatial focusing is
lated to the second-order moments of the scattered wa
When the sample thickness becomes larger than the tran
mean free path, it will be shown that time reversal gives
robust estimate of the spatial and temporal correlations e
on a single realization of disorder, unlike the first-order m
ment which was studied in the previous article. Moreover
spatial resolution that is achieved by time reversal is o
limited by the correlation length of the scattered field, and
longer by the array aperture. For thick samples the quality
focusing saturates as the number of array elements is
creased, which we believe is linked to the Thouless factog.
In the thickest sample,g;30, which is still well above the
localization threshold. Finally, we will emphasize the diffe
ence between broadband time reversal and monochrom
phase conjugation, which will be shown to fail in this expe
ment. This is in agreement with recent work by Blomgre
Papanicolaou, and Zhao@25#.

II. SECOND-ORDER MOMENT IN TIME

In this section we study the reversibility of an ultrason
pulsed wave in a multiple scattering sample. This will le
1
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us to investigate the second-order statistics of the scatt
field.

A. Experiments

The experimental situation we consider is depicted in F
1. A subwavelength piezoelectric element transmits a s
ultrasonic pulse~two cycles of a 3.2 MHz sine wave! that
propagates through water and encounters a multiple sca
ing slab with thicknessL. The slab is made of a random
collection of parallel steel rods with density 18.75/cm2 and
diameter 0.8 mm~for comparison, the average wavelength
water is 0.47 mm!. The receiving array has 128 0.39-m
large elements. The vertical dimensions of the rods and
the array are sufficiently larger than the wavelength to c
sider the setup as two dimensional. Scattered waves em
from the sample and the array records 128 time series.

Then the array is used as a ‘‘time-reversal mirror:’’ t
scattered signals are digitized and recorded into electr
memories, time reversed, and then sent back by the s
array through the same scattering medium. One can ch
to use the whole array aperture, or any number of elem
between 1 and 128. The piezoelectric element that was
viously used as a source is now a receiver, and records
wave form generated at the source location after the ti
reversal process. It was already shown in earlier studies
the ultrasonic time reversal is a fairly robust operation, u
like one could have expected given the high order of scat

FIG. 1. Time-reversal focusing. In the first step the source~A!
transmits a short pulse that propagates through the rods. The
tered waves are recorded on a 128-element array~B!. In the second
step, N elements of the array (0,N,128) retransmit the time-
reversed signals through the rods. The piezoelectric element~A! is
now used as a detector and measures the signal reconstructed
source position. It can also be translated along thex axis while the
same time-reversed signals are transmitted by B, in order to m
sure the directivity pattern.
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ing involved and the sensitivity of classical systems to init
conditions, the long-lasting scattered waves~;200ms! were
found to converge back to the source and recover its orig
duration~1 ms!, with a spatial resolution that was even bett
than in a homogeneous medium@26#.

So it seems that the time-reversal mirror takes advant
of multiple scattering: the energy is spread in time by m
tiple scattering, but thanks to time-reversal invariance, it c
be recompressed to form a short pulse. One could think
the more multiple scattering takes place, the better. We
see that this is not necessarily true.

As an example, the signals that were obtained at
source after time reversal through various scattering sam
with the same density are plotted in Fig. 2. Up to a sam
thickness L520 mm, the time-reversal process seems
work very well: the scattered wave that spreads over m
than 100ms has traveled back though the sample, underg
multiple scattering in a reverse order, and finally recreate
short peak.

But at L540 mm a sidelobe appears beside the cen
peak. AtL560 and 80 mm this sidelobe is still there, at th
same time and with a higher amplitude. It can also be see
Fig. 3, where the contributions from each array element
represented on a grayscale. For every sample thickness
sidelobe always appears at the same time~;2.5 ms off the
central peak! for all the array elements. This sidelobe is no
mere statistical fluctuation, it is a persistent phenomen
What is the origin of this sidelobe? Does it have someth
to do with the resonances in the coherent wave we obse
in the previous article?

B. Theoretical analysis and discussion

Let h(t) be the impulse response from the source to o
element of the array; by reciprocityh(t) is also the impulse
response from this element to the source. Therefore when
transmit a pulsee(t), the signal that is recreated after tim

at-

t the

a-

FIG. 2. Signals obtained at the source after time reversing
waves transmitted through thicker and thicker samples.
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RANDOM MULTIPLE SCATTERING . . . . II. . . . PHYSICAL REVIEW E 64 036606
reversal is proportional toe(t) ^ h(t) ^ h(2t). For a particu-
lar realization of disorder, the impulse response from
source to one array element can be written as

h~ t !5^h~ t !&1n~ t !,
~1!

H~v!5^H~v!&1N~v!,

the brackets denoting an ensemble average,H andN are the
Fourier transforms ofh and n. In this expression,̂ h(t)&
corresponds to the ‘‘coherent’’~ensemble-averaged! impulse
response, andn(t) is a zero-mean random contributio
which is usually referred to as the ‘‘incoherent’’ contributio
In all of the following, a major issue will be the ratio of th
coherent to the incoherent part of the scattered waves. F
thin sample, the coherent part is the strongest; but as
sample thickness increases, the incoherent term gains im
tance. At largeL the propagation of the energy tends to
diffusive, as in a random walk, and the incoherent energy
be approximated from diffusion theory.

The signal that is recreated at the source after time re
sal iss(t)5e(t) ^ h(t) ^ h(2t). e(t) is a deterministic sig-
nal, whereash(t) is random. The statistical average ofs(t) is

^s~ t !&5e~ t ! ^ ^h~ t ! ^ h~2t !& ~2!

which can also be expressed in terms of the coherent
incoherent impulse responses:

^s~ t !&5e~ t ! ^ ^h~ t !& ^ ^h~2t !&1e~ t ! ^ ^n~ t ! ^ n~2t !&.
~3!

Thereforê s(t)& will be influenced bŷ h(t)&. It was shown
in the previous article that the coherent impulse respo
^h(t)& tends to spread in time due to resonant scattering.
could think that the sidelobes ins(t) are due to the sam
phenomenon. However, the impact of resonance on the
nal s(t) is, in our case, negligible.

Indeed, in the Fourier domain, we have

^S~v!&5E~v!^uH~v!u2&1E~v!^uN~v!u2&. ~4!

FIG. 3. Time-reversal throughL580 mm. Time is in abscissa
and each line on this picture represents the contribution of one a
element to the total signal. The grayscale is binary~white5positive,
black5negative!. The main peak is clearly visible on every contr
bution at timet50. The sidelobes appear on all elements at
same time, around 2.5ms off the central peak.
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The first term is the energy conveyed by the ‘‘coherent pa
of the scattered waves, and the second part may be refe
to as ‘‘incoherent energy,’’ improper as this term may be. F
a nonabsorbing slab with thicknessL @4#, we have

u^H~v!&u25e2L/ l and ^uN~v!u2&>
l *

L
, ~5!

l * is the transport mean free path, related to the elastic m
free path by

l * 5
l

12m
, ~6!

with m the ‘‘average cosine’’ of the wave scattered by o
rod:

m5
1

s E s~w!cos~w!dw. ~7!

As a physical interpretation,l * can generally be thought o
as a characteristic distance after which the wave has ‘‘lost
memory’’ of its initial direction. For isotropic scatterers,m
50; when forward scattering dominates,m.0. In the very
high frequency regime,m→1.
So, the ratiob of the ‘‘coherent’’ to the ‘‘incoherent’’ energy
is

b5u^H&u2/^uNu2&'~12m!
L

l
e2L/ l . ~8!

This energy ratio can be easily computed as a function
frequency and sample thickness. In the frequency bandw
1–5 MHz, its maximum valuebmax is attained for 2.75 MHz,
which was shown to be a resonance frequency. FoL
510 mm, bmax is 0.3, and 0.2 forL515 mm, which is not
negligible; yet, as was shown in the previous article, for su
thicknesses the coherent wave form does not spread in t
And at larger thickness,bmax drops very rapidly~0.13 atL
520 mm, 0.01 atL540 mm, and 631025 for L580 mm!
whereas the sidelobes’ amplitude increases with the sam
thickness. This shows that when the sample thickness is l
enough for the coherent wave form to spread in time, it
comes too weak to contribute significantly to the tempo
sidelobes. The physical origin of the sidelobes that appea
the signal obtained by time reversal have to be found so
where else.

Another possibility that has to be ruled out is that of a
sorption. The spectrum of the signal obtained at the sou
after time reversal throughL580 mm is plotted in Fig. 4.
The temporal sidelobes manifest themselves in the spec
as quasi-periodic peaks and dips with a frequency interva
;0.37 MHz. This cannot be explained by attenuation; n
ther water nor steel present such a frequency dependen
absorption.

Instead, one could think that these sidelobes are a sig
effective irreversibility due to the sensitivity to initial cond
tions, which becomes more important as the sample th
ness~and thereby the order of scattering and the path leng
involved! increases. However, this hypothesis has to

ay

e
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eliminated too. Indeed, the experimental results seem
show no increased sensitivity: two experiments performe
the same conditions within a few minutes yield exactly t
same scattered signals, even for the highest orders of sc
ing, with a correlation coefficient higher than 99.6%.

It would be also tempting to speak of localization: sin
some frequencies seem to be less and less transm
through the sample as its thickness is increased, and ye
not absorbed, one could think that they are still trapp
within the medium, which would indicate that the diffusio
constant is significantly smaller for these frequencies. Th
is, undoubtedly, what is sometimes referred to as ‘‘weak
calization’’ in our samples, since the coherent backscatte
phenomenon can be observed@27#. However, the elastic
mean free path in our frequency bandwidth is of the orde
4 mm, which is ten times as large as the wavelength, so
are still very far from the Ioffe-Regel criterion (k0l'1) for
strong localization.

If the sidelobes in̂ s(t)& are not caused by the spreadin
of ^h(t)&, then their origin must be a spreading of^n(t)
^ n(2t)&. So, in order to explain the growing importance
these temporal sidelobes in the time-reversed signal we
pose another hypothesis, based on the existence of corre
scattering paths through the sample. Let us imagine that
signal travels through the sample along a certain numbe
scattering paths going from one scatterer to the other. E
path has a particular length, which corresponds to a part
lar arrival timet i on the receiver. For simplicity, assume th
the impulse response from the source to the receiver ca
written as a shot noise:

h~ t !5(
i

a~ t i !d~ t2t i !. ~9!

The index i refers to the path number,a is the amplitude
associated with a given path~physically speaking, in aver
age, the solution of the diffusion equation gives a ‘‘time
flight’’ distribution, anda2 can be thought of as one realiz
tion of the ‘‘time of flight’’ distribution!.

FIG. 4. Spectrum of the signal obtained after time rever
throughL580 mm~the signal was windowed between24 and 4ms
in order to keep only the significant part!.
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Then, after time reversal, the signal recreated will be

h~ t ! ^ h~2t !5(
i

(
j

a~ t i !a~ t j !d~ t2t i1t j !. ~10!

This double sum is zero, except at timest such that there
exists a pair of scattering paths~i,j! with a time-difference
t i2t j5t. For t50, there is an infinity of such couples: eve
path, combined with itself, gives rise to a peak with heig
( ia

2(t i). Roughly speaking, the peak is proportional to t
number of significant paths.

Outside the peak, the amplitude of the signal at a timet is
linked to the number of path couples~i,j! such thatt5t i
2t j . If t i and t j can be considered as independent rand
variables, then there is no correlation between scatte
paths, and the differencet i2t j has a wide distribution tha
equalsf (t) ^ f (2t), if f (t) denotes the probability densit
function for the path length. Then, there is no reason fo
particular timet to be more probable than others. But this
no longer the case if the scattering paths are correlated.

A physical reason for the arrival times to be correlated
the growing importance of crossing paths as the sam
thickness increases, as well as the ‘‘repulsion’’ between s
terers. We give a simple interpretation of the phenomeno
Fig. 5. We keep the idea that the wave is scattered in
sample following every possible path, as a random wal
that would bounce from one scatterer to another before
ting out of the sample. Each path corresponds to an arr
time t i in the scattered signal received at some pointR. Con-
sider the two paths in Fig. 5~a!: they are totally independen

l

FIG. 5. Sketches of scattering paths arriving on the receiveR.
~A!: two independent paths.~B!: two crossing paths generate fou
possible arrival times on the receiver.a1 anda2 are the travel times
corresponding to the first and second part~before and after the
crossing! of the path labeled a. The same convention applies to
path labeled b.
6-4
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RANDOM MULTIPLE SCATTERING . . . . II. . . . PHYSICAL REVIEW E 64 036606
of each other, and since there is no correlation between
scatterers, there is no correlation either between the ar
times t1 and t2 , as if n(t) was a white ‘‘shot noise.’’ But
there are also more complicated paths, as the ones draw
Fig. 5~b!. In this example, two pathsa andb are crossing in
the sample, giving rise to four possible arrival times at po
R: t1 , t2 , t3 , and t4 . There are four arrival times, but onl
two couples of independent paths. Indeed, we havet15a1
1a2 , t25b11b2 , t35a11b2 , and t45a21b1 : t1 and t2
are still independent, as well ast3 andt4 , but t1 is correlated
with t3 and t4 , so ist2 .

Now, if every pair (t i ,t j ) forms a couple of independen
random variables foriÞ j , then the time differencesdt will
be distributed over a broad interval@2T,T#. Whereas if
there is a correlation betweent i andt j ( iÞ j ), this will not be
the case. For instance, if we havet15a11a2 and t35a1
1b2 thendt5b22a2 will only be distributed over an inter
val @2B,B#, where B is necessarily smaller thanT. This
implies that the contributions of the crossing paths tend to
gathered around the central peak instead of being sprea
over the interval@2T,T#.

Naturally this effect becomes more obvious when
number of crossing paths increases. In a random walk,
essential parameter is the transport mean free pathl * . When
the sample thicknessL is not too large compared tol * , most
paths going to the receiver do not cross one another. Bu
the sample thickness increases, the paths traversing the
get more and more intricate and the probability of cross
increases, inducing a correlation in the arrival times.

When we use a 128-element array, the total signal re
ated at the source writes

r ~ t !5 (
k51

128

hk~ t ! ^ hk~2t !5 (
k51

128 E hk~u!hk~ t1u!du,

~11!

hence r (t) can be viewed as a statistical estimate of
time-autocorrelation function of the scattered wav
^h(u)h(t1u)&. If h(t) was actually a decorrelated series
impulses, then̂h(u)h(t1u)& should fall to zero. The exis
tence of persisting temporal sidelobes in the time-reve
experiment at large thickness is an indication of a correla
in the arrival times, and we interpret this correlation as
consequence of the growing number of crossing paths. A
result, the coherence time ofe(t) ^ h(t) is larger than the
duration of the initial pulsee(t).

In three samples with the same scatterers’ density
different thicknesses~40, 60, and 80 mm!, the sidelobe ap-
pears exactly at the same time:;2.5 ms from the main peak
which corresponds to a path length difference of 3.8 mm
water. We think this value is probably related to the avera
distance between a scatterer and its closest neighbor. Ind
among all possible correlated paths, the simplest case is
current scattering:’’ the wave simply bounces between t
scatterers. Recurrent scattering is most likely to occur
tween close scatterers. In a two-dimensional set of indep
dent points picked at random uniformly with an average d
sity per unit surfacen, the probability density function for
the distancez between closest neighbors is given
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2npz exp(2npz2), and its mean value is 1.15 mm forn
50.1875 mm22. But in the media we studied, as in a re
gas, the scatterers’ positions are not independent: since
have a radius of 0.4 mm, the scattering centers canno
closer than 0.8 mm. Moreover, when the samples were
ricated, holes were drilled into two parallel plates to mainta
the rods. In order to be sure that the close holes would
accidently overlap, an exclusion distance was added:
holes’ positions were picked at random and uniformly, b
could not be closer than 1.5 mm. This ‘‘repulsion’’ induces
correlation between the position of the scattering cent
Taking this into account, the mean value for the distancz
between closest neighbors is 1.79 mm, which yields a typ
time of 2.4 ms for the wave to bounce between two clo
scatterers.

We believe that recurrent scattering is the physical ori
of the secondary sidelobes, and that the position of the m
sidelobe~2.5 ms off the central peak! is related to the mean
distance between close scatterers.

For a small sample thickness, most scattering paths do
cross each other. On the contrary, as the sample thick
increases, the probability of crossing and of recurrent s
tering grows, and so does the amplitude of the temporal s
lobe.

Interestingly, this phenomenon can also be shown i
backscattering configuration, forL580 mm. The setup is al-
most the same as in Fig. 1, except that the source is on
same side as the array~in fact, one element of the array i
used as a source!. If we time reverse the first 200ms of
backscattered signals, there are no persistent sidelobes. B
we time reverse the next 200ms, corresponding to longer an
more intricate scattering paths, the same sidelobe app
exactly at the same time as in the transmission configura
~Fig. 6!.

The backscattered waves that arrive between 200 and
ms after the first reflection have traveled between 300
600 mm through the sample, i.e., between 60 and 120 ti
the transport mean free path. For such long scattering pa

FIG. 6. signals obtained after time reversal in transmission~thin
line! and in backscattering~thick line!. The time origin is at the
central peak, whose amplitude has been saturated to enhanc
secondary sidelobe.
6-5
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ARNAUD DERODE, ARNAUD TOURIN, AND MATHIAS FINK PHYSICAL REVIEW E 64 036606
the wave has lost the memory of its initial direction and it
therefore logical that there is no difference in the statistics
the arrival times in the backward and in the forward dire
tion. Once again, the path lengths involved (60– 120l * ) are
very large compared to the sample thickness (L;16l * );
hence they are likely to be tortuous, to cross one anothe
include loops and recurrent scattering, all kinds of pheno
ena that induce correlation in the arrival times.

Yet this raises an apparently troublesome question. E
if the scatterers are correlated and recurrent scattering
curs, energy conservation and time-reversal invaria
should still hold. Yet the experimental results show that
secondary sidelobes are the same in the forward and in
backward direction, which seems to indicate that even if
had a perfect time-reversal device that would surround
scattering medium completely, the signal obtained after t
reversal would still have a sidelobe, and thus time-reve
invariance would be broken. If, as we said before, we r
out absorption and sensitivity to initial conditions, we ha
to look for another explanation.

The temporal sidelobes appear as ‘‘missing frequenc
in the spectrum~Fig. 4!. Such dips are visible in the trans
mitted wave and in the last part~longest and least energet
paths! of the reflected wave. If we could have a perfect tim
reversal device and time-reverse the transmitted as we
the reflected waves, there would be two possible results.
ther time-reversal works and recreates the original pu
~without the sidelobes! and that would mean that the ‘‘miss
ing frequencies’’ are in the early part of the reflected wav
only they are hidden by statistical fluctuations; or it does
work, and that would mean that the ‘‘missing frequencie
are still trapped somewhere within the sample. For the t
being, we cannot bring an experimental answer to this qu
tion.

III. SECOND-ORDER MOMENT IN SPACE

In the previous section we were interested in the sig
that was recreated at the source after time reversal. We
now going to study the field outside the source position
order to investigate how well the beam is focused, and w
are the parameters that influence the quality of spatial foc
ing.

A. Experiments

To that end, the same time-reversed signals are cont
ously retransmitted byN elements of the array (0,N
,128), while the detector is translated parallel to the ar
~Fig. 1!. Thus a two-dimensional set of signalss(x,t) is mea-
sured, wheret denotes time andx the distance from the
source. The array aperture~i.e., the numberN of active ele-
ments! can be easily varied from 1 to 128.

From this set of signals there are several ways to form
beam pattern. Commonly in ultrasound physics, drawing
directivity patternd(x) consists in keeping the maximum
value for each position:

d~x!5max$us~x,t !u%. ~12!
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It is also possible~and easier to handle in the theory! to
retain the value at timet50 ~i.e., the arrival time of the
peak!

d~x!5s~x,0!. ~13!

Alternatively, a frequency analysis via a Fourier transfo
gives the beam pattern for each frequency:

d~x,v!5E s~x,t !e2 j vtdt. ~14!

As a typical result, Figs. 7 and 8 present experimental dir
tivity patterns @as defined in Eq.~12!# that were obtained
through a 40-mm-thick sample. Two points are clearly de
onstrated by these results.

FIG. 7. Directivity pattern of the time-reversed waves arou
the source position, in water~thick line! and through the rods~thin
line!, with a 16-element aperture. The sample thickness isL
540 mm. The26 dB widths are 0.8 and 22 mm, respectively.

FIG. 8. Directivity pattern of the time-reversed waves arou
the source position throughL540 mm, with 128 transducers~thin
line! and 1 transducer~thick line!. The26 dB resolutions are 0.84
and 0.9 mm, respectively.
6-6
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RANDOM MULTIPLE SCATTERING . . . . II. . . . PHYSICAL REVIEW E 64 036606
~1! Figure 7 shows that the resolution~i.e., the beam width
around the source! is significantly finer than in the ab
sence of any scattering medium. In Fig. 7 the resolut
is 30 times finer and the background level is always
low 220 dB.

~2! Figure 8 shows that the resolution seems to be indep
dent of the array aperture: even with only one transdu
doing the time-reversal operation the quality of focusi
is quite good and the resolution remains approximat
the same with an aperture 128 times larger. However,
background level strongly depends on the number of
ements.

We will try to understand and interpret these results.

B. Interpretation

A short explanation for this surprising effect is that, due
the presence of the scatterers, high spatial frequencies
would have been lost otherwise are redirected towards
array. In other words, when the time-reversed waves pro
gate back, the medium acts as a lens that focuses the s
on the source; the angular aperture of that pseudo-len
larger than that of the array alone, hence the improvemen
resolution.

Another argument, based on reciprocity, can be develo
to account for this result. Imagine that the time-reversal
eration is performed on one array elementR. As usual, when
a point sourceP1 sends a pulse, the detectorR records the
scattered signalh1(t). The time-reversed signal is sent ba
by R and propagates through the same medium. At the so
position, as usual, the recreated signal is

h1~2t ! ^ h1~ t !. ~15!

If we consider another observing pointP2 , somewhere
around the source, and denote byh2(t) the propagation im-
pulse response fromR to P2 , the signal recreated inP2 is

h1~2t ! ^ h2~ t !. ~16!

Now, due to reciprocity, the sourceP1 and the receiverR can
be exchanged: in other words,h1(t) is also the signal tha
would be received inP1 if the source was inR. Therefore we
can imagine a situation in whichR is a source, and the trans
mitted wave field is observed at two pointsP1 andP2 on the
other side of the sample, separated by a distancex12
5P1P2 .

Using Eq.~13! to define the directivity pattern, we have

d~x12!5E h1~ t !h2~ t !dt. ~17!

Alternatively, the frequency definition of the directivity pa
tern @Eq. ~14!# would give

d~x12,v!5H1* ~v!H2~v!. ~18!

Both definitions are related since we have
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d~x12!5E d~x12,v!dv. ~19!

Whatever the definition of the directivity pattern, what ma
ters is that, in average, bothd(x12) andd(x12,v) are related
to the spatial correlation function of the wave field transm
ted through the slab, i.e.,^H1(v)H2* (v)&.

So, interestingly, the directivity pattern can be viewed a
statistical estimator of the spatial correlation function. In th
sense, the spatial resolution of the system~i.e., the26 dB
width of the directivity pattern! is simply an estimate of the
coherence length of the wave field transmitted through
scattering sample. Considering the spatial resolution a
measure of the coherence length of the field transmi
through the random sample permits us to interpret a num
of results, as we will see in the next paragraphs. To be
with, we will only consider the case when the time-rever
operation is performed on a single element.

C. Increasing the sample size

The key to the directivity pattern of the time-revers
beam is the spatial correlation function of the wave fie
^H1(v)H2* (v)&, which will strongly depend on the ratio o
the coherent to the incoherent part of the scattered wave

For relatively thin samples~L comparable to the transpo
mean free pathl * !, the coherent wave front dominate
therefore the correlation length of the transmitted field w
be large, and no focusing is possible when using a sin
element on the array. On the contrary, as the sample th
ness increases, the coherent wave front vanishes and the
coherent’’ term dominates: the correlation length of the tra
mitted field diminishes and the resolution is finer. T
problem is to evaluatêH1(v)H2* (v)& more precisely as a
function of the sample thickness.

In 1986, Shapiro@28# studied the correlation of the inten
sities I 15uH1u2 and I 25uH2u2 transmitted in two points:

C125
^I 1I 2&2^I 1&^I 2&

^I 1&^I 2&
. ~20!

He gave a theoretical prediction in the case of a point sou
in an infinite medium:

C125sinc2~k0x12!e
2x12 /l * , ~21!

x12 is the distance between the observing points andk0 the
wave number. Now, to evaluate^H1H2* &, we begin by sepa-
rating the coherent field from the zero-mean incoherent c
tributions, as we did in Eq.~1!:

H15^H1&1N1 , ~22!

H25^H2&1N2 .

The v dependence has been omitted. This yields

^H1H2* &5^H1&^H2* &1^N1N2* &. ~23!

In the weak scattering limit we have
6-7
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ARNAUD DERODE, ARNAUD TOURIN, AND MATHIAS FINK PHYSICAL REVIEW E 64 036606
u^N1N2* &u2'C12̂ uN1u2&^uN2u2&. ~24!

Moreover, if the ‘‘incoherent’’ energy is well described b
the diffusion equation, we have

^uN1u2&5^uN2u2&'
l *

L
. ~25!

Besides, the ‘‘coherent’’ part of Eq.~23! is simply the energy
of the coherent wave field,u^H&2u5exp(2L/l). Finally, we
have

^H1H2* &'e2L/ l1
l *

L
AC12. ~26!

The first term on the right-hand side does not depend on
distancex12 between the observing points: it corresponds
the coherent wave-front contribution that is present on ev
receiving point, with an infinite coherence length. But
energy decreases exponentially with the sample thickn
On the contrary, the second term depends onx12: it vanishes
as soon asx12 is greater than the wavelength. Since this te
varies in 1/L, it gets larger than the coherent term asL in-
creases.

We have argued earlier that the spatial resolution o
time-reversal device essentially depends on the correla
length of the scattered wave field: the shorter the cohere
length, the finer the resolution. If the sample thickness
the mean free path are such that^H1H2* & is dominated by the
coherent term, the resolution will be poor. Whereas the fin
resolutions should be attained when the incoherent t
dominates.

Physically, in the time domain, this means that for sm
thickness the transmitted wave is an almost perfectly co
ent wave front that does not last a very long time. Wh
doing the time-reversal operation with a single elementR,
there will be no focusing.

But at large thickness, the transmitted wave forms hav
very small correlation length and a very long duration. Wh
doing the time-reversal operation, even with a single elem
R, we obtain a very fine focusing because the impulse
sponsesh1 ~from R to the sourceP1! and h2 ~from R to a
point P2 near the source! are rapidly decorrelated, even ifP1
andP2 are close. Shapiro’s result sets a limit: the minimu
coherence length for the ‘‘incoherent’’ contribution is th
wavelength. It is therefore, as we saw experimentally, p
sible to focus a pulsed wave through a strongly scatte
medium even with only one element, with a resolution of t
order of the wavelength.

For intermediate situations (5l * .L. l * ), the directivity
pattern will be a combination of coherent and ‘‘incoheren
terms, thus giving an intermediate resolution. Equation~26!
could be integrated over the frequency spectrum to yiel
theoretical prediction that can be compared to the exp
mental results obtained in the time domain. However
should be noted that the validity of Eq.~26! is highly ques-
tionable for such values ofL, for which the coherent part is
of the same order than the incoherent part: the basic a
ments are still valid~the field can always be split into
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coherent and an incoherent contribution!, but the incoherent
intensity can no longer be evaluated byl * /L since the diffu-
sion approximation does not hold. A more complicated e
pression derived from radiative transfer theory could be
troduced instead of the diffusion approximation. Anyway,
our knowledge, there is no simple theoretical prediction
the ‘‘incoherent energy’’̂ uNu2& that would be valid fromL
50 to L→`.

WhenL is large enough compared tol * to use the diffu-
sion approximation, Eq.~26! gives a more reliable prediction
of the 26 dB resolution. Since the average wavelengthl is
significantly smaller than the transport mean free pathl * , the
resolution essentially depends on the sinc term. Its26 dB
width is 0.29 mm for a central frequency 3.2 MHz. Expe
mentally, the best resolution we could achieve throughL
540 mm was 0.45 mm, but it was measured with a 0.39 m
transducer, which tends to overestimate the size of the fo
spot.

D. Time reversal versus phase conjugation

Phase conjugation is a monochromatic version of ti
reversal. An important point must be emphasized: Eq.~26!
gives only anaverageresult of the directivity achievable by
time reversing the scattered wave on a single element
single frequency. In order to have a sensible prediction
what can be expected in an experiment, i.e., on a single
alization of disorder, one has to evaluate the statistical fl
tuations of the directivity patternd(x12,v)5H1H2* .

Precisely, in order to evaluate the background level of
directivity pattern, the mean value ofd(0,v) has to be com-
pared to the standard deviation ofd(x12,v) for a distance
x12 larger than a few wavelengths, i.e., we compute the ra
of the fluctuation of the directivity pattern~outside the
source! to the amplitude at the source. SeparatingH1 andH2*
into a coherent and an incoherent term, we obtain after a
lines:

~fluctuation!

~amplitude at the source!
5

A112b

11b
, ~27!

b denotes the ratio of the coherent to the incoherent energ

b5u^H&u2/^uNu2&. ~28!

When the sample thickness is small, or of the order of
mean free path, the coherent energy dominates, i.e.,b@1:
then the fluctuation is negligible. But in that case, as we h
seen, there is no focusing. The element that performs
phase conjugation will generate a field that does not v
from one realization to the other~so it can be predicted with
a good accuracy! but that field is not focused on the sourc

On the contrary, when the sample thickness is larger t
the transport mean free path, the incoherent term domina
b→0, and the result is that the fluctuation of the field arou
the source is of the same order than the amplitude refocu
at the source. So there is, on average, a focusing on
source; but on a given realization of disorder, the fluctuat
is so large that the focusing is not visible. This has an i
portant consequence: a phase conjugation experiment
6-8
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FIG. 9. Directivity patterns ob-
tained with a single elemen
throughL540 mm ~abscissa: dis-
tance from the source in mm!. ~a!
phase conjugation at the cente
frequency,~b! time reversal using
10% of the transducer bandwidth
~c! time reversal using 40% of the
bandwidth, and~d! time reversal
using the full bandwidth.
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formed on a single element in a multiple scattering sam
cannot work. This is illustrated in Fig. 9, which displays t
directivity pattern obtained by phase conjugating the cen
frequency ~3.2 MHz! component of the scattered wav
through L540 mm. There is no focusing on the sourc
phase conjugation does not work in such a situation.

However, when we do a real time-reversal experiment,
make use of all the frequency components of the incom
pulse, as if we were doing a phase conjugation opera
over a large spectral bandwidth. This is the reason why
possible, as we have seen, to refocus a wave even w
single element performing the time reversal.

Indeed, in order to achieve a good focusing on one re
ization of disorder~i.e., on a given and fixed scattering m
dium!, we have to reduce the statistical fluctuation of t
directivity pattern. By doing wideband time reversal inste
of monochromatic phase conjugation, the final directiv
pattern is an average of the directivity patterns at each
quency.

The key issue is to know whether the data that are be
averaged are correlated or not. Letdv be the spectral corre
lation length of the scattered waves andDv the total band-
width. Then there isDv/dv uncorrelated information~or
spectral ‘‘information grains’’! in the frequency bandwidth
and the fluctuation is expected to be reduced by a facto
ADv/dv.

The same analysis can also be made in the time dom
Indeed, second-order moments in time and frequency are
lated by the Wiener-Kinchin theorem:

E ^H~v!H* ~v1dv!&dv5E ^uh~ t !u2&ej dvtdt. ~29!
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In other words, the spectral correlation function~averaged
over the frequency bandwidth! is the Fourier transform of the
‘‘time of flight’’ distribution.

Let dt be the duration of the pulse obtained after tim
reversal~i.e., the correlation time of the transmitted signa!
and DT the typical duration of the transmitted intensi
uh(t)u2 ~within the diffusion approximation,DT grows pro-
portionally toL2!. We haveDT}1/dv andDv}1/dt, so the
numberNT of ‘‘information grains’’ grows withL and may
be expressed in the time or in the frequency domain as

NT5DT/dt5Dv/dv}L2. ~30!

E. Ergodicity and long-range correlation

By how much is it possible to enlargeNT? Is it possible to
obtain an arbitrarily low background level? To that end, w
have to increaseNT as much as possible by enlarging th
sample thicknessL. But then we have to tackle the proble
of ergodicity: the amount of information available from on
realization of disorder is not infinite.

If the sample thicknessL is increased, then the ‘‘time o
flight’’ distribution spreads over a longer duration sinceDT
}L2, and the spectral correlation lengthdv decreases. As
long as the bandwidthDv remains constant, then the numb
of information grains increases too. But we have seen
when the sample thickness becomes too large, temporal s
lobes appear in the time-reversed signals~i.e., the correlation
time dt of the scattered signals increases!, which implies that
the frequency bandwidthDv decreases. Hence the number
information grains must reach a limit. Physically speakin
what happens is that as the sample thickness increases,
6-9
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FIG. 10. Directivity patterns
throughL540 mm ~abscissa: dis-
tance from the source in mm!. ~a!
Phase conjugation, one elemen
~b! Time reversal, one element,~c!
phase conjugation 128-element a
ray, and ~d! time-reversal 128-
element array.
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128
are more and more possible scattering paths going from
source to the receiver, but these paths tend to be more
more intricate and in the long run, they all are somew
correlated.

Yet there is another way to lower the fluctuations of t
directivity pattern: it consists of using a whole set of rece
ers~an array! instead of performing the time-reversal oper
tion on a single element. For simplicity, imagine that t
source is at some pointP1 ; the time-reversal operation i
performed on two elementsR1 and R2 , and the time-
reversed wave is sensed at a pointP2 , off the source by a
few wavelengths. BothR1 and R2 contribute to a focusing
peak at the source. The key issue for the background leve
the directivity pattern is to know whether their contributio
outside the source adds constructively or destructively. T
amounts to evaluate the correlation betweenH(R1
→P1)H* (R1→P2) and H(R2→P1)H* (R2→P2). If the
scattered field has a finite coherence lengthdx, and the array
elementsR1 andR2 are apart by a distance larger thandx,
then the fields are decorrelated. This time, the numbe
relevant ‘‘information grains’’ is the ratio of the array ape
tureDX to the coherence lengthdx of the scattered field. As
before in the case of time correlations, it can also be
pressed in the dualk space:

Ns5DX/dx5Dk/dk, ~31!

NS , asNT , can be expected to saturate because of correl
paths.

On the whole, the total number of ‘‘information grains’’ i

N5NT3NS ~32!
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and the fluctuations of the directivity pattern should decre
by AN when the time-reversal operation is performed on
wide frequency band with a large aperture instead of a sin
frequency and a single element. Figure 10 shows how
background level of the directivity pattern is lowered whenN
is enlarged, both frequency- and space-wise.

When we do a phase-conjugation experiment with
single element@Fig. 10~a!#, the fluctuations around the
source are of the same order than the amplitude at the so
so no focusing is visible. As the number of informatio
grains is increased~either by enlarging the bandwidth or th
number of array elements! the focusing gets better~Fig. 10!.
When 128 transducers are used instead of one, the b
ground level is decreased by 15 dB~5.6 on a linear scale!,
and it is decreased by another 15 dB when using the
bandwidth ~;2–4.5 MHz! instead of a single frequency
This means thatNT>NS>5.62530, hence the total numbe
of information grains isN;900.

Since there are 128 subwavelength elements on the a
we could have expected a number of ‘‘spatial informati
grains’’ larger than 30. Figure 11 displays the backgrou
level @according to the definition of the directivity patter
specified by Eq.~12!# versus the number of adjacent el
ments performing the time reversal. Initially, the backgrou
level decreases as the inverse square root of the numb
transducers, as expected if the scattered field had a fi
correlation lengthdx; then it seems to saturate around228
dB. Particularly, enlarging the aperture from 64 to 128 tra
ducers brings no significant improvement, as if all the n
essary information was contained on the 64 central transd
ers. As a whole, when the aperture is increased from 1 to
6-10
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RANDOM MULTIPLE SCATTERING . . . . II. . . . PHYSICAL REVIEW E 64 036606
transducers, the background level is lowered by roughly
dB ~5.6 on a linear scale!, which confirms the previous est
mationNS;5.62;30.

The obvious redundancy of information on the array a
the finite number of independent information at a given f
quency evokes the question of long-range correlation
has been pointed out in other fields of wave physics. In ev
multiple scattering problem, in addition to the mean fr
paths and the diffusion constant, there is another fundam
tal parameter: the Thouless number, also known as the
mensionless conductanceg. In a disordered mesoscop
sample~e.g., a disordered metal for electron propagation
a waveguide with random scatterers for optical waves! the
dimensionless conductance is

g5(
a,b

Tab , ~33!

where Tab denotes the intensity transmission coefficie
through the sample from a propagating wave-guide mode~or
‘‘channel’’! a to another modeb. In quantum physics as we
as in optics, these ‘‘channels’’ can be thought of as the v
ous quantized directions along which a wave packet goe
or out of the sample.

In our case,g can be roughly estimated by the number
incoming ‘‘channels’’ multiplied by the conductance of
given channel:

g'
Wl*

lL
, ~34!

whereW is the width of the incoming beam andl its wave-
length, l * /L being as usual the average ratio of intens
transmitted through the sample.

Interestingly, this quantity can be related to the perf
mance of a time-reversal device in a multiple scattering

FIG. 11. (L540 mm) Background level of the directivity pa
tern ~in dB! versus the numberN of transducers. In the central pa
of the plot ~linear fit!, as N is multiplied by 10 the background
decreases by 10 dB, as expected from theAN dependency. But for
values ofN larger than 64 elements, the curve seems to satu
around228 dB.
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vironment. Indeed the Thouless factorg can also be inter-
preted as the number of independent parameters which
needed to represent a monochromatic wave in a random
dium @4#. Therefore measuring the maximum number
‘‘spatial information grains’’NS via a time-reversal experi
ment is a way to estimateg. From the results above, w
conclude thatg5NS;30 for L540 mm. This value is in
agreement with the rough estimate that can be derived f
Eq. ~34!: in a typical experiment forL540 mm we haveW
;100 mm, l;0.5 mm, andl * 54.8 mm, which yieldsg
;24. This confirms that we are far from the ‘‘mobilit
edge,’’ i.e., the threshold of strong localization, which is b
lieved to occur wheng is close to 1.

The value ofg determines the number of uncorrelate
information that is available in the scattered field. Numero
authors@1–4,15,16,28,29# have pointed out the existence o
long-range correlation in optics, when the order of scatter
involved becomes very large. They have shown that
intensity–intensity correlation function can be written as
sum of three terms: a short-range@such asC12 in Eq. ~21!#, a
long-range, and an infinite range term, with relative ratios
1/g, and 1/g2. The constant 1/g gives an indication of the
importance of these long-range correlations. 1/g is also
shown to be the probability for two paths to intersect with
the sample.

These theoretical analysis are consistent with what
observed experimentally. When we do a time-reversal
periment, the signal obtained at the source can be consid
as an estimate of the field–field correlation function in tim
and the directivity pattern around the source can be con
ered as an estimate of the field–field correlation function
space. If all correlations, in time and in space, had a fin
length ~dt in time, dx in space! then by enlarging the array
aperture or the sample thickness, the numberN of indepen-
dent information would increase indefinitely, and as res
the time-reversed field would statistically converge to a fin
pulse with durationdt and spatial extensiondx, with an ever
reduced variance. But by enlarging the sample thickness
complexity of the scattering paths gives rise to long ran
correlation, which, even though their level is only 1/g, dras-
tically limit the effective number of independent informatio
The performance of time-reversal focusing is therefore li
ited by the existence of long-range correlations, measured
the universal parameterg.

Long-range correlation is an important issueper sein all
kinds of wave scattering, whether quantum or classic
From a more down-to-earth point of view~what should an
experimentalist do to obtain the best focusing with a giv
bandwidth and a given transducer array?! beyond a certain
limit ~which seems to be 5–10 times the transport mean
path in our case!, increasing the sample size does more ha
than good in terms of time-reversal focusing.

F. Dynamic time reversal

So far we have shown how the quality of focusing w
affected by the frequency bandwidth or the aperture of
time-reversal mirror when all the information that was co
lected on the array was sent back. But a time-reversal de

te
6-11
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ARNAUD DERODE, ARNAUD TOURIN, AND MATHIAS FINK PHYSICAL REVIEW E 64 036606
can do more than that: we can easily select a short t
window among the scattered signals, and only reverse
send back this portion of the signals. This process is term
‘‘dynamic time reversal,’’ and we will show that the positio
of the time window has a dramatic impact on the quality
focusing.

We have argued that the spatial resolution of a tim
reversal device essentially depends on the correlation le
of the scattered wave field: the shorter the coherence len
the finer the resolution. This can be illustrated by dynam
time reversal through a sample of widthL515 mm. The
scattered signals received on the array are represented in
12. In a relatively thin sample~here,L;3l * ! such as this
one, the so-called ‘‘ballistic front’’ is clearly visible. There
fore, at early times, the signals received on various elem
of the array are strongly correlated. After the ballistic fro
has arrived, the array continues receiving signals corresp
ing to scattered waves. Late arrivals correspond to lon
scattering paths and a higher order of scattering.

Figure 13 shows the directivity patterns that were o
tained with a 64-element aperture by time reversing eit
the early arrivals or later arrivals. We selected two 2-ms time

FIG. 12. B-scan of the 128 signals received on the array throu
a multiple scattering sample (L515 mm). The ballistic front is
clearly visible for this thickness.

FIG. 13. Directivity patterns obtained after time reversing
2-ms time window at early times~ballistic front! or at later times
~multiple scattering contribution!. The spatial resolution is 3.6 mm
at early times, 0.5 mm at later times.
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windows: the first one including the ballistic front and th
second one beginning 100ms later, i.e., containing purely
multiple scattering contributions. The26 dB resolutions we
obtained are 3.6 mm for early arrivals and only 0.5 mm
late arrivals~it should be noted that the average wavelen
is 0.47 mm!. It appears that at early times, as in a homog
neous medium, the resolution of the system is limited by
aperture of the array. Whereas at later times, multiple s
tering dominates, and the resolution is essentially limited
the coherence length of the scattered field.

The evolution of the spatial resolution versus the beg
ning of the time-reversal window is plotted in Fig. 14. Rig
after the ballistic front, the resolution diminishes qui
sharply down to;0.5 mm, which seems to be the smalle
value that can be attained given the average wavelen
~0.45 mm! and the size of our elements~0.39 mm!.

Interestingly, the improvement in resolution is not insta
taneous: it takes roughly 10ms to reach the plateau. We thin
that this transition time is linked to the presence of the re
nant ‘‘tail’’ in the coherent part of the transmitted wave th
lasts longer than the ballistic pulse as was shown in the
vious article. The finest resolution can only be obtained wh
the ‘‘incoherent’’ regime is really attained, i.e., when the c
herent part̂ h(t)& of the scattered wave is dominated by t
‘‘incoherent’’ contributionn(t).

IV. CONCLUSION

The results presented in this article show the followi
points.

~1! Even in the presence of high-order multiple scatterin
a finite-size time-reversal mirror manages to focus a pu
back to the source with a spatial resolution that beats by
the diffraction limit and is only limited by the spatial corre
lation of the scattered field.

~2! Successful time-reversal focusing on a single elem
is possible, whereas phase conjugation on a single elem
completely fails. The efficiency of broadband time rever
compared to monochromatic phase conjugation lies in
numberNT of ‘‘information grains’’ in the frequency band
width.

h

FIG. 14. Spatial resolution versus the beginning time of
time-reversal window, for 2-ms time windows throughL515 mm.
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~3! When time reversal is performed with an array, t
quality of focusing~background level! is enhanced propor
tionally to ANS, whereNS is the number of ‘‘spatial infor-
mation grains’’ on the array aperture.

~4! As the sample thickness becomes very large compa
to the transport mean free path, correlations between
scattering paths result in a saturation of bothNS and NT :
persistent secondary sidelobes in the temporal wave f
appear, and increasing the array aperture does no longe
hance the quality of focusing. The maximum value ofNS is
the number of independent parameters which are neede
represent a monochromatic wave in a random medium,
the Thouless numberg.

~5! Despite long-range correlation, the total number
‘‘information grains’’ through a slab with thicknessL;8l *
is found to beNT3NS;900, which is enough to ensure th
one realization of disorder suffices to get a robust estima
d

d

n-
,

J

ys

.

03660
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n

of the time and space correlation functions from a sin
realization of disorder. In that sense, time reversal is a ‘‘s
averaging’’ process.

~6! If one wants to exploit time reversal in a multipl
scattering environment in order to have the best resolu
possible then one should chooseL/ l * large enough to kill the
coherent wave, but small enough to avoid long-range co
lation. In our case, a satisfying compromise seems to bL
;5l * .

~7! On the contrary, if time reversal is employed as a to
to study long-range correlation, it might be interesting
rearrange the rods in such a way thatg is decreased, and
brought closer to 1. From the previous analysis, the qua
of time-reversal focusing would be degraded, until the m
ment ~mobility edge! where the results will be as bad a
phase conjugation, which means there would be only
‘‘information grain.’’ This remains an experimental cha
lenge.
.
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