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Random multiple scattering of ultrasound. II. Is time reversal a self-averaging process?
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This is the second article in a series of two dealing with the statistical moments of ultrasonic waves
transmitted through a disordered medium with resonant multiple scattering. Second-order moments in time and
space are considered here. An ultrasonic pulsed wave is transmitted from a point source to a 128-element
receiving array through two-dimensional samples with various thicknesses. The samples consist of random
collections of parallel steel rods immersed in water. The scattered waves are recorded, time reversed, and sent
back into the medium. The time-reversed waves are converging back to their source and the quality of spatial
and temporal focusing on the source is related to the second-order moments of the scattelednelagon
in time and in space. Experimental results show that it is possible to obtain a robust estimation on a single
realization of disorder, taking advantage of the wide frequency bandwidth. The spatial resolution of the system
is only limited by the correlation length of the scattered field, and no longer by the array aperture. As the
sample thickness is increased, the quality of focusing saturates, which we believe is linked to the Thouless
factor g. In the thickest sampleg~ 30, which is still well above the localization threshold.
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[. INTRODUCTION multiple scattering medig24].
In this paper we will study the transmission and the re-

Understanding and modeling wave propagation in a mulversibility of an ultrasonic pulsed wave from a point source
tiple scattering environment has been a subject of interest itb a 128-element array through a multiple scattering slab.
a huge variety of domains ranging, e.g., from solid stateThis slab is a two-dimension&2D) sample consisting of a
physics to optics or seismology since multiple scattering camandom collection of parallel steel rods immersed in water.
occur with all kinds of waves, whether quantum or classicalUnlike optical wave scattering by suspensions, there is no
[1-8]. Studying the statistical moments of the wave ampli-Brownian motion here: one set of 128 transmitted wave
tude or intensity introduces physical parameters such as tiferms corresponds to one realization of disorder, hence there
mean free paths, the diffusion constant, or the dimensionless no “self-averaging.” A key question is then to understand
conductanceThouless factor which are relevant concepts what information can be retrieved from the observation of a
whatever the type of wave considerered. As to the experisingle realization, and what requires an ensemble average.
mental manifestations of multiple scatterifigansition to a The scattered waves are time reversed and sent back
diffusive regime, coherent backscattering, long-range correthrough the same slab: the waves tend to focus back to the
lation, and possibly wave localizatiprthey have also been source. The quality of temporal and spatial focusing is re-
observed for different kinds of wavés—17). lated to the second-order moments of the scattered waves.

In that respect, acoustics brings no new theoretical con¥hen the sample thickness becomes larger than the transport
cept to the study of random multiple scattering, but it doegnean free path, it will be shown that time reversal gives a
bring original possibilities. Nowadays a typical ultrasonic ar-robust estimate of the spatial and temporal correlations even
ray consists of 128 programmable wavelength-sized eleon a single realization of disorder, unlike the first-order mo-
ments that can transmit and receive acoustic waves in a largeent which was studied in the previous article. Moreover the
frequency bandwidth. The wave forms to be transmitted caispatial resolution that is achieved by time reversal is only
be easily programmed via a computer interface; as to thémited by the correlation length of the scattered field, and no
received wave forms, the piezoelectric array elements arnger by the array aperture. For thick samples the quality of
able to record the field itself, and not only its intensity. Suchfocusing saturates as the number of array elements is in-
easiness of use gives way to a number of applications. As atreased, which we believe is linked to the Thouless fagtor
example, it has led to the development of acoustic “time-In the thickest sampleg~ 30, which is still well above the
reversal mirrors:” the wave emanating from a source is redocalization threshold. Finally, we will emphasize the differ-
corded on a array, time reversed in the computer memongnce between broadband time reversal and monochromatic
and sent back in a reverse order by the same array througthase conjugation, which will be shown to fail in this experi-
the same mediunpl8]. The applications of acoustic time- ment. This is in agreement with recent work by Blomgren,
reversal devices have been widely investigated in the last teRapanicolaou, and Zhd&5].
years in the medical fieli19], in ocean acousticg20], in
nondestructive testini@1], in chaotic cavitie$22,23, and in

Il. SECOND-ORDER MOMENT IN TIME

* Author to whom correspondence should be addressed. Fax: 33 1 In this section we study the reversibility of an ultrasonic
40 79 44 68; Electronic address: arnaud.derode@espci.fr pulsed wave in a multiple scattering sample. This will lead
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FIG. 2. Signals obtained at the source after time reversing the

(second step) waves transmitted through thicker and thicker samples.

FIG. 1. Time-reversal focusing. In the first step the soufe
transmits a short pulse that propagates through the rods. The scatg involved and the sensitivity of classical systems to initial
tered waves are recorded on a 128-element dBayin the second  conditions, the long-lasting scattered waye<00 us) were
step,N elements of the array (ON<128) retransmit the time- found to converge back to the source and recover its original
reversed signals through the rods. The piezoelectric elefderis duration(1 us), with a spatial resolution that was even better
now used as a detector and measures the signal reconstructed at {han in a homogeneous mediy2s].
source position. It can also be translated alongxtlagis while the So it seems that the time-reversal mirror takes advantage
same time.—rev.er.sed signals are transmitted by B, in order to megy; multiple scattering: the energy is spread in time by mul-
sure the directivity pattern. tiple scattering, but thanks to time-reversal invariance, it can
be recompressed to form a short pulse. One could think that
us to investigate the second-order statistics of the scatterege more multiple scattering takes place, the better. We will
field. see that this is not necessarily true.
As an example, the signals that were obtained at the
A. Experiments source after time reversal through various scattering samples
) o . . ) .. with the same density are plotted in Fig. 2. Up to a sample
The experimental situation we consider is depicted in Figpickness L =20 mm, the time-reversal process seems to
1.A sub_wavelength piezoelectric element t_ransmits a sho ork very well: the scattered wave that spreads over more
ultrasonic puls&two cycles of a 3.2 MHz sine wayghat  ynan 100us has traveled back though the sample, undergone

propagates through water and encounters a multiple scatt§ly ipje scattering in a reverse order, and finally recreated a
ing slab with thicknesd.. The slab is made of a random ¢ peak.

collection of parallel steel rods with density 18.75fcamd But at L=40mm a sidelobe appears beside the central
diameter 0.8 mnfor cr?mparls_o_n, the aveLage wavelength in yo At =60 and 80 mm this sidelobe is still there, at the
water is 0.47 mm The receiving array has 128 0.39-mMm o6 time and with a higher amplitude. It can also be seen in

Iﬁrge elements. f'][hfe V?rt'lcal dlmhensm;]ns of thle rodhs and ig. 3, where the contributions from each array element are
the array are sufficiently larger than the wavelength to Cor"represented on a grayscale. For every sample thickness the

sider the setup as two dimensional. Scattered waves emergfiaiobe always appears at the same time.5 us off the
from the sample and the array records 128 time series.  .opira| neakfor all the array elements. This sidelobe is not a

Then the array is used as a “time-reversal mirror:” the oo giatistical fluctuation, it is a persistent phenomenon.
scattered signals are digitized and recorded into electronlg\,hat is the origin of this sidelobe? Does it have something

memories, time reversed, and _then sept back by the Sam§ do with the resonances in the coherent wave we observed
array through the same scattering medium. One can choo§r§ the previous article?

to use the whole array aperture, or any number of elements
between 1 and 128. The piezoelectric element that was pre-
viously used as a source is now a receiver, and records the
wave form generated at the source location after the time- Let h(t) be the impulse response from the source to one
reversal process. It was already shown in earlier studies thalement of the array; by reciprocity(t) is also the impulse

the ultrasonic time reversal is a fairly robust operation, un+¥esponse from this element to the source. Therefore when we
like one could have expected given the high order of scattertransmit a pulsee(t), the signal that is recreated after time

B. Theoretical analysis and discussion
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The first term is the energy conveyed by the “coherent part”
of the scattered waves, and the second part may be referred
to as “incoherent energy,” improper as this term may be. For
a nonabsorbing slab with thicknekd4], we have

*

[(H(w))[?=e""" and (IN(w)|* z'f, (5)

element number

I* is the transport mean free path, related to the elastic mean
free path by

.
3 Wy
et

I

Time (§s) [*=—, (6)

(u 1-u
FIG. 3. Time-reversal through=80 mm. Time is in abscissa, . “ -
. S L with u the “average cosine” of the wave scattered by one

and each line on this picture represents the contribution of one arraly d:
element to the total signal. The grayscale is binarkite=positive, oa:
black=negativg. The main peak is clearly visible on every contri- 1
bution at timet=0. The sidelobes appear on all elements at the w= _f o(@)cog @)de. (7
same time, around 2.hs off the central peak. g

As a physical interpretation; can generally be thought of
fasa characteristic distance after which the wave has “lost the
memory” of its initial direction. For isotropic scattererg,

=0; when forward scattering dominatgs>>0. In the very

reversal is proportional te(t) ® h(t)®h(—t). For a particu-
lar realization of disorder, the impulse response from th
source to one array element can be written as

h(t)=(h(t))+n(t), high frequency regimeyg— 1.
(1) So, the ratioB of the “coherent” to the “incoherent” energy
H(w)=(H(w))+N(w), is

the brackets denoting an ensemble aver&gandN are the L _
Fourier transforms oh and n. In this expression{h(t)) '8:|<H>|Z/<|'\”2)%(1_"’“)|_e o (8)
corresponds to the “coherenténsemble-averagedmpulse
response, andh(t) is a zero-mean random contribution This energy ratio can be easily computed as a function of
which is usually referred to as the “incoherent” contribution. frequency and sample thickness. In the frequency bandwidth
In all of the following, a major issue will be the ratio of the 1-5 MHz, its maximum valu@,.,is attained for 2.75 MHz,
coherent to the incoherent part of the scattered waves. Forwhich was shown to be a resonance frequency. Eor
thin sample, the coherent part is the strongest; but as the 10 mm, B is 0.3, and 0.2 fol.=15mm, which is not
sample thickness increases, the incoherent term gains imporegligible; yet, as was shown in the previous article, for such
tance. At largel the propagation of the energy tends to bethicknesses the coherent wave form does not spread in time.
diffusive, as in a random walk, and the incoherent energy caAnd at larger thickness3,,,x drops very rapidly(0.13 atL
be approximated from diffusion theory. =20mm, 0.01 al.=40mm, and & 10 ° for L=80 mm
The signal that is recreated at the source after time revewhereas the sidelobes’ amplitude increases with the sample
sal iss(t)=e(t)®h(t)®h(—t). e(t) is a deterministic sig- thickness. This shows that when the sample thickness is large
nal, whereas(t) is random. The statistical averagesff) is  enough for the coherent wave form to spread in time, it be-
comes too weak to contribute significantly to the temporal
(s(t))y=e(t)@(h(t)®h(—1)) (2)  sidelobes. The physical origin of the sidelobes that appear in
_ ) the signal obtained by time reversal have to be found some-
which can also be expressed in terms of the coherent anghere else.

incoherent impulse responses: Another possibility that has to be ruled out is that of ab-
_ B B sorption. The spectrum of the signal obtained at the source
(s(h)=each(t)eh(=1)+et)a(nt)en( t)>'(3) after time reversal through=80mm is plotted in Fig. 4.
The temporal sidelobes manifest themselves in the spectrum
Therefore(s(t)) will be influenced by(h(t)). It was shown s quasi-periodic peaks and dips with a frequency interval of
in the previous article that the coherent impulse response 0.37 MHz. This cannot be explained by attenuation; nei-
(h(t)) tends to spread in time due to resonant scattering. On&er water nor steel present such a frequency dependence in
could think that the sidelobes is(t) are due to the same absorption.
phenomenon_ However’ the impact of resonance on the Sig_ |nStead, one could think that these sidelobes are a Sign of
nal s(t) is, in our case, negligible. effective irreversibility due to the sensitivity to initial condi-
Indeed, in the Fourier domain, we have tions, which becomes more important as the sample thick-
ness(and thereby the order of scattering and the path lengths
(S(@))=E(w){|H(w)|?)+E(w){|N(w)|?). (4)  involved increases. However, this hypothesis has to be
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FIG. 4. Spectrum of the signal obtained after time reversal
throughL =80 mm(the signal was windowed betweert and 4us b
in order to keep only the significant part

eliminated too. Indeed, the experimental results seem to
show no increased sensitivity: two experiments performed in
the same Conditiqns within a few mi”!‘tes yield exactly the FIG. 5. Sketches of scattering paths arriving on the recdiver
same §cattered S|g'nals, even for the highest orders of scatt(%};\—): two independent pathgB): two crossing paths generate four
ing, with a correlation coefficient higher than 99.6%.  ggiple arrival times on the receives. anda, are the travel times
It would be also tempting to speak of localization: sinCecqrresponding to the first and second pésefore and after the

some frequencies seem to be less and less transmitt@fhssing of the path labeled a. The same convention applies to the
through the sample as its thickness is increased, and yet aggth labeled b.

not absorbed, one could think that they are still trapped

within the medium, which would indicate that the diffusion  Then, after time reversal, the signal recreated will be

constant is significantly smaller for these frequencies. There

is, undoubtedly, what is sometimes referred to as “weak lo-

calization” in our samples, since the coherent backscattering h(t)®h(—t)=zi ; a(ti)e(t)St-ti+y). (10

phenomenon can be observg®7]. However, the elastic

mean free path in our frequency bandwidth is of the order ofThis double sum is zero, except at timesuch that there

4 mm, which is ten times as large as the wavelength, so wexists a pair of scattering patlisj) with a time-difference

are still very far from the loffe-Regel criteriorkfl~1) for  t;—t;=t. Fort=0, there is an infinity of such couples: every

strong localization. path, combined with itself, gives rise to a peak with height
If the sidelobes ins(t)) are not caused by the spreading 3;a?(t;). Roughly speaking, the peak is proportional to the

of (h(t)), then their origin must be a spreading @f(t) number of significant paths.

®n(—t)). So, in order to explain the growing importance of ~ Outside the peak, the amplitude of the signal at a fifse

these temporal sidelobes in the time-reversed signal we prdinked to the number of path coupldgj) such thatt=t;

pose another hypothesis, based on the existence of correlated; . If t; andt; can be considered as independent random

scattering paths through the sample. Let us imagine that theariables, then there is no correlation between scattering

signal travels through the sample along a certain number gfaths, and the differendg—t; has a wide distribution that

scattering paths going from one scatterer to the other. Eackqualsf(t)® f(—t), if f(t) denotes the probability density

path has a particular length, which corresponds to a particufunction for the path length. Then, there is no reason for a

lar arrival timet; on the receiver. For simplicity, assume that particular timet to be more probable than others. But this is

the impulse response from the source to the receiver can b longer the case if the scattering paths are correlated.

(B)

written as a shot noise: A physical reason for the arrival times to be correlated is
the growing importance of crossing paths as the sample
thickness increases, as well as the “repulsion” between scat-
h(t)=2 a(t)a(t-t). 9 P
I

terers. We give a simple interpretation of the phenomenon in
Fig. 5. We keep the idea that the wave is scattered in the
The indexi refers to the path numbew is the amplitude sample following every possible path, as a random walker
associated with a given patlphysically speaking, in aver- that would bounce from one scatterer to another before get-
age, the solution of the diffusion equation gives a “time ofting out of the sample. Each path corresponds to an arrival
flight” distribution, anda? can be thought of as one realiza- timet; in the scattered signal received at some pBinton-
tion of the “time of flight” distribution). sider the two paths in Fig.(&8): they are totally independent
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of each other, and since there is no correlation between the ' ' ' ' "
scatterers, there is no correlation either between the arrival
timest; andt,, as if n(t) was a white “shot noise.” But
there are also more complicated paths, as the ones drawn in
Fig. 5(b). In this example, two patha andb are crossing in i
the sample, giving rise to four possible arrival times at point
R tq, t,, t3, andt,. There are four arrival times, but only
two couples of independent paths. Indeed, we hiawea,
+ as, t2: bl+ b2, t3: al+ bz, and t4: az+ bl: tl and t2
are still independent, as well &sandt,, butt, is correlated
with t3 andt,, so ist,.

Now, if every pair ¢; ,t;) forms a couple of independent
random variables for# j, then the time differencest will
be distributed over a broad intervp-T,T]. Whereas if
there is a correlation betweenandt; (i # j), this will not be 0
the case. For instance, if we havg=a;+a, andt;=a;

+ b, then dt=b,—a, will only be distributed over an inter- FIG. 6. signals obtained after time reversal in transmiséioin
val [—B,B], whereB is necessarily smaller thah. This  |ine) and in backscatteringthick line). The time origin is at the

implies that the contributions of the crossing paths tend {0 bgenira| peak, whose amplitude has been saturated to enhance the
gathered around the central peak instead of being spread alcondary sidelobe.

over the interva[ —T,T].

Naturally this effect becomes more obvious when the2nzzexp(—nn7?), and its mean value is 1.15 mm for
number of crossing paths increases. In a random walk, the-0. 1875 mm2. But in the media we studied, as in a real
essential parameter is the transport mean freefatihen  gas, the scatterers’ positions are not independent: since they
the sample thicknedsis not too large compared t6, most  have a radius of 0.4 mm, the scattering centers cannot be
paths going to the receiver do not cross one another. But asloser than 0.8 mm. Moreover, when the samples were fab-
the sample thickness increases, the paths traversing the slabated, holes were drilled into two parallel plates to maintain
get more and more intricate and the probability of crossinghe rods. In order to be sure that the close holes would not

time (i)

increases, inducing a correlation in the arrival times. accidently overlap, an exclusion distance was added: the
When we use a 128-element array, the total signal recrenoles’ positions were picked at random and uniformly, but
ated at the source writes could not be closer than 1.5 mm. This “repulsion” induces a

correlation between the position of the scattering centers.
Taking this into account, the mean value for the distance
f(t):gl hk(t)®hk(_t):gl f hi()hi(t+6)d6, between closest neighbors is 1.79 mm, which yields a typical
(11)  time of 2.4 us for the wave to bounce between two close
scatterers.
hencer(t) can be viewed as a statistical estimate of the We believe that recurrent scattering is the physical origin
time-autocorrelation function of the scattered wavesof the secondary sidelobes, and that the position of the main
(h(O)h(t+6)). If h(t) was actually a decorrelated series of sidelobe(2.5 us off the central peakis related to the mean
impulses, theh(#)h(t+ 6)) should fall to zero. The exis- distance between close scatterers.
tence of persisting temporal sidelobes in the time-reversal For a small sample thickness, most scattering paths do not
experiment at large thickness is an indication of a correlatiortross each other. On the contrary, as the sample thickness
in the arrival times, and we interpret this correlation as aincreases, the probability of crossing and of recurrent scat-
consequence of the growing number of crossing paths. As &ring grows, and so does the amplitude of the temporal side-
result, the coherence time ef{t)®h(t) is larger than the lobe.
duration of the initial pulse(t). Interestingly, this phenomenon can also be shown in a
In three samples with the same scatterers’ density anBdackscattering configuration, for=80 mm. The setup is al-
different thicknesse$40, 60, and 80 mm the sidelobe ap- most the same as in Fig. 1, except that the source is on the
pears exactly at the same time2.5 us from the main peak, same side as the arrdin fact, one element of the array is
which corresponds to a path length difference of 3.8 mm irused as a sourgelf we time reverse the first 20@s of
water. We think this value is probably related to the averagdackscattered signals, there are no persistent sidelobes. But if
distance between a scatterer and its closest neighbor. Indeeade time reverse the next 2Qis, corresponding to longer and
among all possible correlated paths, the simplest case is “renore intricate scattering paths, the same sidelobe appears
current scattering:” the wave simply bounces between twaexactly at the same time as in the transmission configuration
scatterers. Recurrent scattering is most likely to occur beFig. 6).
tween close scatterers. In a two-dimensional set of indepen- The backscattered waves that arrive between 200 and 400
dent points picked at random uniformly with an average denus after the first reflection have traveled between 300 and
sity per unit surfacen, the probability density function for 600 mm through the sample, i.e., between 60 and 120 times
the distancez between closest neighbors is given by the transport mean free path. For such long scattering paths,

128 128
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the wave has lost the memory of its initial direction and it is 0
therefore logical that there is no difference in the statistics of
the arrival times in the backward and in the forward direc-
tion. Once again, the path lengths involved (60-412Care
very large compared to the sample thickneks-(16*);
hence they are likely to be tortuous, to cross one another, to .10}
include loops and recurrent scattering, all kinds of phenom- 4
ena that induce correlation in the arrival times. ©
Yet this raises an apparently troublesome question. Even  -13
if the scatterers are correlated and recurrent scattering oc-
curs, energy conservation and time-reversal invariance
should still hold. Yet the experimental results show that the
secondary sidelobes are the same in the forward and in the MMNA/
0 1

backward direction, which seems to indicate that even if we  -25

had a perfect time-reversal device that would surround the

scattering medium completely, the signal obtained after time

reversal would still have a sidelobe, and thus time-reversal FIG. 7. Directivity pattern of the time-reversed waves around

invariance would be broken. If, as we said before, we rulehe source position, in watéthick line) and through the rodéhin

out absorption and sensitivity to initial conditions, we haveline), with a 16-element aperture. The sample thicknesd is

to look for another explanation. =40 mm. The—6 dB widths are 0.8 and 22 mm, respectively.
The temporal sidelobes appear as “missing frequencies”

in the spectrun{Fig. 4). Such dips are visible in the trans- It is also possible(and easier to handle in the theprp

mitted wave and in the last pafifbngest and least energetic retain the value at timé=0 (i.e., the arrival time of the

pathg of the reflected wave. If we could have a perfect time-peak

reversal device and time-reverse the transmitted as well as

the reflected waves, there would be two possible results. Ei- d(x)=5s(x,0). (13)

ther time-reversal works and recreates the original pulse

.(W'thOUt the §|d?Iobe$nd that would mean that the “miss- Alternatively, a frequency analysis via a Fourier transform

ing frequencies” are in the early part of the reflected waves ives the beam pattern for each frequency:

only they are hidden by statistical fluctuations; or it does notg P q y:

work, and that would mean that the “missing frequencies”

-2 -1
Distance from the source (mm)

are still trapped somewhere within the sample. For the time d(x w):J s(x,t)e it (14)
being, we cannot bring an experimental answer to this ques- ’ ' '
tion.

As a typical result, Figs. 7 and 8 present experimental direc-
tivity patterns[as defined in Eq(12)] that were obtained
through a 40-mm-thick sample. Two points are clearly dem-

In the previous section we were interested in the signaPnstrated by these results.
that was recreated at the source after time reversal. We are

IIl. SECOND-ORDER MOMENT IN SPACE

now going to study the field outside the source position, in 0

order to investigate how well the beam is focused, and what . . ' :
are the parameters that influence the quality of spatial focus- ~ -5f - -~ - - - - - o A--ea - o
ing. ‘ ' ' ‘ :

-10

A. Experiments =
. . . -15r -
To that end, the same time-reversed signals are continu- ©

ously retransmitted byN elements of the array @N
<128), while the detector is translated parallel to the array
(Fig. 1). Thus a two-dimensional set of signal,t) is mea-
sured, wheret denotes time anc the distance from the 23
source. The array apertu(ee., the numbeN of active ele-
mentg can be easily varied from 1 to 128. -30
From this set of signals there are several ways to form a
beam pattern. Commonly in ultrasound physics, drawing the
directivity patternd(x) consists in keeping the maximum FIG. 8. Directivity pattern of the time-reversed waves around

20 - - : b,

-10 -5 0 5 10
Distance from the source (mm)

value for each position: the source position through=40 mm, with 128 transducefshin
line) and 1 transduce(thick line). The —6 dB resolutions are 0.84
d(x)=max]s(x,t)|}. (120 and 0.9 mm, respectively.
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(1) Figure 7 shows that the resolutidne., the beam width
around the sourdds significantly finer than in the ab- d(X12)=f d(X12,0)dw. (19
sence of any scattering medium. In Fig. 7 the resolution
is 30 times finer and the background level is always beWhatever the definition of the directivity pattern, what mat-
low —20 dB. ters is that, in average, botl{x,,) andd(x;,,w) are related

(2) Figure 8 shows that the resolution seems to be indeperio the spatial correlation function of the wave field transmit-
dent of the array aperture: even with only one transduceted through the slab, i.e(H;(w)H3 (w)).
doing the time-reversal operation the quality of focusing So, interestingly, the directivity pattern can be viewed as a
is quite good and the resolution remains approximatelystatistical estimator of the spatial correlation function. In that
the same with an aperture 128 times larger. However, théense, the spatial resolution of the systér., the —6 dB

background level strongly depends on the number of elWidth of the directivity patternis simply an estimate of the
ements. coherence length of the wave field transmitted through the

scattering sample. Considering the spatial resolution as a
measure of the coherence length of the field transmitted
through the random sample permits us to interpret a number
. of results, as we will see in the next paragraphs. To begin
B. Interpretation with, we will only consider the case when the time-reversal
A short explanation for this surprising effect is that, due tooperation is performed on a single element.

the presence of the scatterers, high spatial frequencies that

would have been lost otherwise are redirected towards the C. Increasing the sample size

array. In other words, when the time-reversed waves propa-

) . The key to the directivity pattern of the time-reversed
gate back, the medium acts as a lens that focuses the S|grbal . . . . X
eam is the spatial correlation function of the wave field

on the source; the angular aperture of that pseudo-lens | * . . .
larger than that of the array alone, hence the improvement iﬁz_{l(w)HZ (@), Wh'(.:h will strongly depend on the ratio of
the coherent to the incoherent part of the scattered waves.

resolution. For relatively thi | ble to the t :
Another argument, based on reciprocity, can be developed or relalively *m samplef. comparable to the ranspor
mean free patH*), the coherent wave front dominates,

to account for this result. Imagine that the time-reversal op- ) . . .
eration is performed on one array elemBns usual, when therefore the correlatlor) Ien_gth of Fhe transmﬂtgd field ywll

a point sourceP; sends a pulse, the detecmecords the be large, and no focusing is possible when using a sm_gle
scattered signdi,(t). The time-reversed signal is sent back element on the array. On the contrary, as the sample thick-

by Rand propagates through the same medium. At the sourdaess increases, the coherent wave front vanishes and the “in-
position, as usual, the recreated signal is ' coherent” term dominates: the correlation length of the trans-

mitted field diminishes and the resolution is finer. The

We will try to understand and interpret these results.

hy(—t)®hy(t). (15)  problem is to evaluatéH;(w)H3 (w)) more precisely as a
function of the sample thickness.
If we consider another observing poif,, somewhere In 1986, Shapird28] studied the correlation of the inten-

around the source, and denote liy(t) the propagation im-  sitiesl;=|H;|? andl,=|H,|* transmitted in two points:
pulse response fromR to P,, the signal recreated iR, is
() =(11)(12)

hy(—t)@hy(t). (16) P (1)(1)

Now, due to reciprocity, the sourd® and the receiveR can He gave a theoreftical prediction in the case of a point source

be exchanged: in other words,(t) is also the signal that N an infinite medium:

would be received i, if the source was ilR. Therefore we ) N

can imagine a situation in whidR is a source, and the trans- Cyo=sinc(koxyp)e ¥/, (21

mitted wave field is observed at two poirRg andP, on the . . . .

other side of the sample, separated by a distarge X1 IS the distance between the obfervmg p0|_nts kpthe

=P,P,. wave number. Now, .to evaluatéli H% ), we begln by sepa-
Using Eq.(13) to define the directivity pattern, we have rgtmg the coherent' f|¢|d from the zero-mean incoherent con-

tributions, as we did in Eq.l):

(20

d(xlz):f hy(t)h,(t)dt. 17) Hi=(H1)+Ny, (22)
. L . . = +N,.
Alternatively, the frequency definition of the directivity pat- Ho=(H2) N
tern [Eq. (14)] would give The w dependence has been omitted. This yields
d(X12,0) =HT (0)Hz(w). (18 (HiHE)Y=(H)(H%)+(N;N%). (239
Both definitions are related since we have In the weak scattering limit we have

036606-7



ARNAUD DERODE, ARNAUD TOURIN, AND MATHIAS FINK PHYSICAL REVIEW E 64 036606

coherent and an incoherent contribudiobut the incoherent
intensity can no longer be evaluated IByL since the diffu-
sion approximation does not hold. A more complicated ex-
pression derived from radiative transfer theory could be in-
troduced instead of the diffusion approximation. Anyway, to
our knowledge, there is no simple theoretical prediction of
the “incoherent energy?{|N|?) that would be valid fromL
=0 toL—w.

WhenL is large enough compared kb to use the diffu-
sion approximation, Eq26) gives a more reliable prediction
of the —6 dB resolution. Since the average wavelengtis
significantly smaller than the transport mean free péattthe
resolution essentially depends on the sinc term.—6 dB
width is 0.29 mm for a central frequency 3.2 MHz. Experi-
mentally, the best resolution we could achieve throlgh
The first term on the right-hand side does not depend on the40 mm was 0.45 mm, but it was measured with a 0.39 mm
distancex,, between the observing points: it corresponds totransducer, which tends to overestimate the size of the focal
the coherent wave-front contribution that is present on evergpot.
receiving point, with an infinite coherence length. But its
energy decreases exponentially with the sample thickness.
On the contrary, the second term depends gn it vanishes
as soon ag,, is greater than the wavelength. Since this term
varies in 1L, it gets larger than the coherent termla-
creases.

We have argued earlier that the spatial resolution of a_. . o
. ) . . single frequency. In order to have a sensible prediction of
time-reversal device essentially depends on the correlation

) what can be expected in an experiment, i.e., on a single re-
length of the scattered wave field: the shorter the COhereanization of disorder, one has to evaluate the statistical fluc-

length, the finer the resolution. If the sample thickness an(? : S - *
the mean free path are such theit;H} ) is dominated by the uations of the directivity patterd(x;,, @) =H;H .

) L2 . Precisely, in order to evaluate the background level of the
coherent term, the resolution will be poor. Whereas the fmeséir

resolutions should be attained when the incoherent term ectivity pattern, the mean \{alue d{0.») has to b.e com-
pared to the standard deviation dfx,,,w) for a distance

dominates. X1, larger than a few wavelengths, i.e., we compute the ratio
. . . . - 12 1 - "
Physically, in the time domain, this means that for SmaIIof the fluctuation of the directivity patterfoutside the

thickness the transmitted wave is an almost perfectly coher-

. H *
ent wave front that does not last a very long time. Whensource to the amplitude at the source. SeparatihgandH

doing the time-reversal operation with a single elem@nt into a coherent and an incoherent term, we obtain after a few
there will be no focusing. lines:
But at large thickness, the transmitted wave forms have a
very small correlation length and a very long duration. When
doing the time-reversal operation, even with a single element
st%‘zec;lﬂ)iaEfnro?ﬂvsr{o ﬂt?]ee L%Cuﬂig’l)bgggﬁe(ftrg?n'Eptglie reB denotes the ratio of the coherent to the incoherent energies:
point P, near the sourgeare rapidly decorrelated, evenRf B=|(H)Z/{|N|?).
andP, are close. Shapiro’s result sets a limit: the minimum
coherence length for the “incoherent” contribution is the When the sample thickness is small, or of the order of the
wavelength. It is therefore, as we saw experimentally, posmean free path, the coherent energy dominates,®.]:
sible to focus a pulsed wave through a strongly scatteringhen the fluctuation is negligible. But in that case, as we have
medium even with only one element, with a resolution of theseen, there is no focusing. The element that performs the

[(N1N3 )2~ C 1 [N1[?)(|No|%). (24
Moreover, if the “incoherent” energy is well described by
the diffusion equation, we have

*

I
<|N1|2>:<|N2|2>~f- (295
Besides, the “coherent” part of E§23) is simply the energy
of the coherent wave field{H)?|=exp(—L/). Finally, we
have

*

|
(HH})~e '+ C Ci. (26)

D. Time reversal versus phase conjugation

Phase conjugation is a monochromatic version of time
reversal. An important point must be emphasized: @6)
gives only anaverageresult of the directivity achievable by
time reversing the scattered wave on a single element at a

(fluctuation B V1+28
(amplitude at the sourge 1+p8 °’

(27)

(28)

order of the wavelength.
For intermediate situations [5>L>1*), the directivity

phase conjugation will generate a field that does not vary
from one realization to the othéso it can be predicted with

pattern will be a combination of coherent and “incoherent” a good accuragybut that field is not focused on the source.

terms, thus giving an intermediate resolution. Equati®®)

On the contrary, when the sample thickness is larger than

could be integrated over the frequency spectrum to yield &he transport mean free path, the incoherent term dominates,
theoretical prediction that can be compared to the experi8— 0, and the result is that the fluctuation of the field around
mental results obtained in the time domain. However, itthe source is of the same order than the amplitude refocused
should be noted that the validity of E(6) is highly ques- at the source. So there is, on average, a focusing on the
tionable for such values df, for which the coherent part is source; but on a given realization of disorder, the fluctuation
of the same order than the incoherent part: the basic argus so large that the focusing is not visible. This has an im-
ments are still valid(the field can always be split into a portant consequence: a phase conjugation experiment per-
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b | IS T . FIG. 9. Directivity patterns ob-

tained with a single element
throughL =40 mm (abscissa: dis-
tance from the source in mm(a)
(b) phase conjugation at the center
0 — . r T frequency,(b) time reversal using

: : ) : : 10% of the transducer bandwidth,
3 I (R ¥ S L] (c) time reversal using 40% of the

X : : ; : bandwidth, and(d) time reversal
using the full bandwidth.
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formed on a single element in a multiple scattering samplén other words, the spectral correlation functiGaveraged
cannot work. This is illustrated in Fig. 9, which displays the over the frequency bandwidtfs the Fourier transform of the
directivity pattern obtained by phase conjugating the centraitime of flight” distribution.
frequency (3.2 MHz component of the scattered wave Let 6t be the duration of the pulse obtained after time
through L=40mm. There is no focusing on the source:reversal(i.e., the correlation time of the transmitted signal
phase conjugation does not work in such a situation. and AT the typical duration of the transmitted intensity
However, when we do a real time-reversal experiment, weh(t)|? (within the diffusion approximationAT grows pro-
make use of all the frequency components of the incomingortionally toL?). We haveA Tx1/8w andA w>1/8t, so the
pulse, as if we were doing a phase conjugation operationumberNy of “information grains” grows withL and may
over a large spectral bandwidth. This is the reason why it ibe expressed in the time or in the frequency domain as
possible, as we have seen, to refocus a wave even with a
single element performing the time reversal. Nr=AT/6t=Aw/SwxL2 (30
Indeed, in order to achieve a good focusing on one real-
ization of disorder(i.e., on a given and fixed scattering me-
dium), we have to reduce the statistical fluctuation of the
directivity pattern. By doing wideband time reversal instead By how much is it possible to enlargé;? Is it possible to
of monochromatic phase conjugation, the final directivityobtain an arbitrarily low background level? To that end, we
pattern is an average of the directivity patterns at each frehave to increasél as much as possible by enlarging the
quency. sample thicknesk. But then we have to tackle the problem
The key issue is to know whether the data that are beingf ergodicity: the amount of information available from one
averaged are correlated or not. L& be the spectral corre- realization of disorder is not infinite.
lation length of the scattered waves afa the total band- If the sample thicknesk is increased, then the “time of
width. Then there isAw/Sdw uncorrelated informatiorfor  flight” distribution spreads over a longer duration sink&
spectral “information grainsy in the frequency bandwidth, «L? and the spectral correlation lengis decreases. As
and the fluctuation is expected to be reduced by a factor dpng as the bandwidthw remains constant, then the number
JAwldw. of information grains increases too. But we have seen that
The same analysis can also be made in the time domaitivhen the sample thickness becomes too large, temporal side-
Indeed, second-order moments in time and frequency are réobes appear in the time-reversed sigriats, the correlation
lated by the Wiener-Kinchin theorem: time St of the scattered signals increageghich implies that
the frequency bandwidthw decreases. Hence the number of
. information grains must reach a limit. Physically speaking,
f (H(w)H* (0+ 5w)>dw:f (IhlHe*tdt. 29 pay happer?s is that as the sample thickn{zss in)éregses, tghere

E. Ergodicity and long-range correlation
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FIG. 10. Directivity patterns
throughL =40 mm (abscissa: dis-
tance from the source in mm(a)
Phase conjugation, one element,
(b) Time reversal, one elemertt)
phase conjugation 128-element ar-
ray, and (d) time-reversal 128-
element array.
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are more and more possible scattering paths going from thand the fluctuations of the directivity pattern should decrease
source to the receiver, but these paths tend to be more amg /N when the time-reversal operation is performed on a
more intricate and in the long run, they all are somewhatyide frequency band with a large aperture instead of a single
correlated. frequency and a single element. Figure 10 shows how the

_Yet there is another way to lower the fluctuations of thepackground level of the directivity pattern is lowered witen
directivity pattern: it consists of using a whole set of receiv-jg enlarged, both frequency- and space-wise.
ers(an array instead of performing the time-reversal opera-  \yhen we do a phase-conjugation experiment with a

tion on a single elem.ent. For s_implicity, imagine that Fhesingle element[Fig. 10@)], the fluctuations around the
source is at some poir?; the time-reversal operation is . o are of the same order than the amplitude at the source,
performed on two element®, and R,, and the time- o, focusing is visible. As the number of information
reversed wave is sensed at a pdfy, off the source by a grains is increasetkither by enlarging the bandwidth or the

few wavelengths. BotliR; and R, contribute to a focusing : )
peak at the source. The key issue for the background level umber of array elemenjthe fOCUS”_‘g gets bett¢Fig. 10.
hen 128 transducers are used instead of one, the back-

the directivity pattern is to know whether their contribution d level is d d by 15 dB.6 i

outside the source adds constructively or destructively. Thiground Ievel 1s decreased by d8.6 on a inear scaje
amounts to evaluate the correlation betwee(R; and it is decreased by another 15 dB when using the full
—Py)H*(R;—P,) and H(Ry— P;)H*(Ry,—P,). If the bapdwidth (~2-4.5 MH2 instead of a single frequency.
scattered field has a finite coherence lengithand the array ~ 11iS means thal= Ns=5.62=30, hence the total number
elementsR, andR, are apart by a distance larger than, ~ ©f information grains isN~900.

then the fields are decorrelated. This time, the number of Since there are 128 subwavelength elements on the array,
relevant “information grains” is the ratio of the array aper- We could have expected a number of “spatial information
ture AX to the coherence lengidx of the scattered field. As 9rains” larger than 30. Figure 11 displays the background
before in the case of time correlations, it can also be exlevel [according to the definition of the directivity pattern

pressed in the dudl space: specified by Eq.12)] versus the number of adjacent ele-
ments performing the time reversal. Initially, the background
Ng=AX/8x=Ak/ 5k, (31) level decreases as the inverse square root of the number of

transducers, as expected if the scattered field had a finite
Ns, asN, can be expected to saturate because of correlategbrrelation lengthdx; then it seems to saturate aroun@8
paths. dB. Particularly, enlarging the aperture from 64 to 128 trans-
On the whole, the total number of “information grains”is ducers brings no significant improvement, as if all the nec-
essary information was contained on the 64 central transduc-
N=N7xNg (32)  ers. As a whole, when the aperture is increased from 1 to 128
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-12 vironment. Indeed the Thouless factgprcan also be inter-
preted as the number of independent parameters which are
o needed to represent a monochromatic wave in a random me-
-16 dium [4]. Therefore measuring the maximum number of

“spatial information grains”"Ng via a time-reversal experi-
ment is a way to estimatg. From the results above, we
conclude thatg=Ng~30 for L=40 mm. This value is in
agreement with the rough estimate that can be derived from
Eq. (34): in a typical experiment fot. =40 mm we havenN
24 ° ~100mm, A~0.5mm, andl*=4.8mm, which yieldsg
\ ~24. This confirms that we are far from the “mobility
edge,” i.e., the threshold of strong localization, which is be-
° o lieved to occur whem is close to 1.
0 0.5 1 1.5 2 2.5 The value ofg determines the number of uncorrelated
Logio(N) information that is available in thg scattered field._ Numerous
authors[1-4,15,16,28,2Phave pointed out the existence of
FIG. 11. (L=40mm) Background level of the directivity pat- 0ng-range correlation in optics, when the order of scattering
tern (in dB) versus the numbeX of transducers. In the central part involved becomes very large. They have shown that the
of the plot (linear fit), as N is multiplied by 10 the background intensity—intensity correlation function can be written as a
decreases by 10 dB, as expected from {iNedependency. But for sum of three terms: a short-rangich asC,,in Eq. (21)], a
values ofN larger than 64 elements, the curve seems to saturatbong-range, and an infinite range term, with relative ratios, 1,
around—28 dB. 1/g, and 1¢2. The constant & gives an indication of the
importance of these long-range correlationsg 1¢ also
transducers, the background level is lowered by roughly 1shown to be the probability for two paths to intersect within
dB (5.6 on a linear scajewhich confirms the previous esti- the sample.
mation Ng~5.6°~ 30. These theoretical analysis are consistent with what we
The obvious redundancy of information on the array andobserved experimentally. When we do a time-reversal ex-
the finite number of independent information at a given fre-periment, the signal obtained at the source can be considered
quency evokes the question of long-range correlation thags an estimate of the field—field correlation function in time,
has been pointed out in other fields of wave physics. In evergnd the directivity pattern around the source can be consid-
multiple scattering problem, in addition to the mean freeered as an estimate of the field—field correlation function in
paths and the diffusion constant, there is another fundamespace. If all correlations, in time and in space, had a finite
tal parameter: the Thouless number, also known as the diength (st in time, 6x in space then by enlarging the array
mensionless conductanag In a disordered mesoscopic aperture or the sample thickness, the nunfberf indepen-
sample(e.g., a disordered metal for electron propagation, olent information would increase indefinitely, and as result
a waveguide with random scatterers for optical wawee  the time-reversed field would statistically converge to a finite

dB 220

dimensionless conductance is pulse with duratiorst and spatial extensiofix, with an ever
reduced variance. But by enlarging the sample thickness, the
g:E T 33) comple>_<ity of t_he scattering paths _gives r_ise to long range
b ab» correlation, which, even though their level is onlygldras-

tically limit the effective number of independent information.

where T,, denotes the intensity transmission coefficientThe performance of time-reversal focusing is therefore lim-
through the sample from a propagating wave-guide nfode ited by the existence of long-range correlations, measured by
“channel”) a to another modé. In quantum physics as well the universal parametey.
as in optics, these “channels” can be thought of as the vari- Long-range correlation is an important isquer sein all
ous quantized directions along which a wave packet goes ikinds of wave scattering, whether quantum or classical.
or out of the sample. From a more down-to-earth point of vieiwhat should an

In our caseg can be roughly estimated by the number of experimentalist do to obtain the best focusing with a given
incoming “channels” multiplied by the conductance of a bandwidth and a given transducer arrapp@yond a certain

given channel: limit (which seems to be 5-10 times the transport mean free
path in our casg increasing the sample size does more harm
WI* than good in terms of time-reversal focusing.
9~ (34)

whereW is the width of the incoming beam andits wave- F. Dynamic time reversal

length, I* /L being as usual the average ratio of intensity So far we have shown how the quality of focusing was

transmitted through the sample. affected by the frequency bandwidth or the aperture of the
Interestingly, this quantity can be related to the perfor-time-reversal mirror when all the information that was col-

mance of a time-reversal device in a multiple scattering enlected on the array was sent back. But a time-reversal device
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FIG. 12. B-scan of the 128 signals received on the array through . ; y - .
a multiple scattering sampleL &15 mm). The ballistic front is (2)00 220 240 tim2e6(0ps) 280 300 320
clearly visible for this thickness.

) . FIG. 14. Spatial resolution versus the beginning time of the
can do more than that: we can easily select a short tim@me-reversal window, for 2s time windows through. = 15 mm.
window among the scattered signals, and only reverse and

send back this portion of the signals. This process is termewindows: the first one including the ballistic front and the
“dynamic time reversal,” and we will show that the position second one beginning 100s later, i.e., containing purely
of the time window has a dramatic impact on the quality ofmultiple scattering contributions. The6 dB resolutions we
focusing. obtained are 3.6 mm for early arrivals and only 0.5 mm for
We have argued that the spatial resolution of a timedate arrivals(it should be noted that the average wavelength
reversal device essentially depends on the correlation lengils 0.47 mm. It appears that at early times, as in a homoge-
of the scattered wave field: the shorter the coherence lengtheous medium, the resolution of the system is limited by the
the finer the resolution. This can be illustrated by dynamicaperture of the array. Whereas at later times, multiple scat-
time reversal through a sample of width=15mm. The tering dominates, and the resolution is essentially limited by
scattered signals received on the array are represented in Fifje coherence length of the scattered field.
12. In a relatively thin sampl¢here,L~31*) such as this The evolution of the spatial resolution versus the begin-
one, the so-called “ballistic front” is clearly visible. There- ning of the time-reversal window is plotted in Fig. 14. Right
fore, at early times, the signals received on various elemen@fter the ballistic front, the resolution diminishes quite
of the array are strongly correlated. After the ballistic frontsharply down to~0.5 mm, which seems to be the smallest
has arrived, the array continues receiving signals correspongalue that can be attained given the average wavelength
ing to scattered waves. Late arrivals correspond to longet0.45 mm and the size of our element8.39 mn).
scattering paths and a higher order of scattering. Interestingly, the improvement in resolution is not instan-
Figure 13 shows the directivity patterns that were ob-taneous: it takes roughly 14s to reach the plateau. We think
tained with a 64-element aperture by time reversing eithethat this transition time is linked to the presence of the reso-
the early arrivals or later arrivals. We selected twa®time  nant “tail” in the coherent part of the transmitted wave that
lasts longer than the ballistic pulse as was shown in the pre-
vious article. The finest resolution can only be obtained when
the “incoherent” regime is really attained, i.e., when the co-
herent parth(t)) of the scattered wave is dominated by the
“incoherent” contributionn(t).

0

IV. CONCLUSION
-10p

dB

The results presented in this article show the following
points.

(1) Even in the presence of high-order multiple scattering,
a finite-size time-reversal mirror manages to focus a pulse
back to the source with a spatial resolution that beats by far
the diffraction limit and is only limited by the spatial corre-
lation of the scattered field.

(2) Successful time-reversal focusing on a single element
is possible, whereas phase conjugation on a single element

FIG. 13. Directivity patterns obtained after time reversing acompletely fails. The efficiency of broadband time reversal
2-us time window at early timegballistic front or at later times ~compared to monochromatic phase conjugation lies in the

(multiple scattering contribution The spatial resolution is 3.6 mm numberN+ of “information grains” in the frequency band-
at early times, 0.5 mm at later times. width.

-15

-0.4 -0.2 0 0.2 0.4 0.6
Distance from the source (mm)
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(3) When time reversal is performed with an array, theof the time and space correlation functions from a single
quality of focusing(background levelis enhanced propor- realization of disorder. In that sense, time reversal is a “self-

tionally to Ng, whereNs is the number of “spatial infor- ~averaging” process. o _ _
mation grains” on the array aperture. (6) If one wants to exploit time reversal in a multiple

(4) As the sample thickness becomes very large compareﬁf)zg%'g?hgzvc')rno;?h%rgléncﬁggiréloleﬂa\éeemi bﬁfct) Lﬁlsfl‘::tlon
to the transport mean free path, correlations between th% 9 9

. . . i oherent wave, but small enough to avoid long-range corre-
scattering paths result in a saturation of bot§ andNr: 13400 1n our case, a satisfying compromise seems td. be
persistent secondary sidelobes in the temporal wave form g

appear, and increasing the array aperture does no longer en-(7) On the contrary, if time reversal is employed as a tool
hance the quality of focusing. The maximum valueNafis  to study long-range correlation, it might be interesting to
the number of independent parameters which are needed tearrange the rods in such a way thats decreased, and
represent a monochromatic wave in a random medium, i.ebrought closer to 1. From the previous analysis, the quality
the Thouless numbeg. of time-reversal focusing would be degraded, until the mo-

(5) Despite long-range correlation, the total number ofment (mobility edge where the results will be as bad as
“information grains” through a slab with thickneds~8I* phase conjugation, which means there would be only one
is found to beN;X Ng~900, which is enough to ensure that “information grain.” This remains an experimental chal-
one realization of disorder suffices to get a robust estimatiotenge.
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